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Abstract. The Div-Curl Lemma, which is the basic result of the com- 
pensated compactness theory in Sobolev spaces(see [2]- [6]), was introduced 
by [1] with distinct proofs for the L 2 (Q) and L p (Q),p ^ 2, cases. In this note 
we present a slightly different proof, relying only on a Green- Gauss integral 
formula and on the usual Rellich-Kondrachov compactness properties. 
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1 An integral formula 

From now on, for any vector distribution w in M. N , N > 2, we denote: 

" dwi dwi dwj 

D(w)= £^ and Ci ^ w) = ^-^ - h3 - 

Theorem 1.1. Let Q be an open bounded set ofR N , N > 2. Letp,q > 1 
such that l/p+ l/q=l. Ifu G [W?f c {tt)} N and v G [W?£{ttj\ N , then for any 
ip G V{Vt) we have: 
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J ip AuAv = -( D(Au), up D(v) ) p - J D(u) (w) An 
n n 

(1 n + / D{u) ( W ) V ^) - / (w) V #(«) - 

- E / A Wi a» ^ - ^ E ( a,(A^), v Q» ) q , 

l<i,j<N n ax i z l<i,j<N 

where ( , ) p denotes the pairing of W~ 1,P (Q) with WQ ,q (Q) and ( , ) 9 
denotes the pairing ofW~ 1,q (Q) with Wq' p (Q). 

Proof. For any u G [W^ft)]*, u G [W^(Q)] N and </? G P(ft) we have 
(D(Au), V D(v)) p + l E ( Cij(Au),<p Cij-(u) ), = 

^ l<i,j<N 

(1.2) = - / Am v ( V D(u) ) + / Aw ( yD(tt) -Au)(p- 
n n 

- E |A^Q»|^, 
which implies: 

J^AtiAt) = -( D(Au), D(u) ) p - / D(u) (v¥>) A v - 



(13) "/ A MV (y?D(^)) + / A«V(<PD(«)) 

dy? 1 



E / A V< C«(«) ^- - - E (Q^A^^O)),. 



As (vD(u)-Au) G [Lf oc (fi)] w is divergence-free and as y>D(u) G W M (ft), 
it follows: 

/ Am v {ip D(v)) = - f ( V D(«) - Am) V (</? D(u))+ 

(1.4) 

+ / V D(«) V (*> D(«)) = / V D(«) V (<P D(t;)). 
n n 



By treating similarly the next term of (1.3), that is J An y (</?D(n)) , we 

n 

get straightly (1.1). 



2 The Div-Curl Lemma 

Theorem 2.1. Let il be an open bounded set ofR N , N > 2. Let p, q > 1 
sncn too* 1/p+l/q = 1. For any e > 0, Ze£ a £ G [L^Q)]^ and 6 e e [^(fi)] w 
with the properties: 

(i) a 6 — a weakly in [L P (Q)] N , as e — > 0, 

fnj ¥ ^ b weakly in [L q (£l)] N , as e — > 0, 

fra) {D(a £ )} £ /zes m a compact subset ofW~ 1,p {Q), 

(iv) {C(b £ )} £ lies in a compact subset of [W^ q (n)] NxN , 

Then a £ b £ — > afe m ine sense o/ distributions. 

Proof. For any e > 0, let u £ and v £ be the weak solutions of the following 
problems: 

(2.1) - A u £ = a £ in Q, u £ = on dQ, 

(2.2) - A n e = b £ in ft, n £ = on dfl. 
From hypotheses (i)-(ii) it follows that 



(2.3) 



n £ ^n weakly in \W^(n)] N , 



(2.4) 



n £ ^n weakly in [W 1 ' 9 ^)]* 



where u and n are uniquely defined by the problems: 



(2.5) 



— A u = a in Q, u = on dQ, 
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(2.6) - A v = b in Q, v = on dQ. 

For ip G V{VL), we denote by Q v a smooth open set with the property: 

(2.7) supp up g Q H v Q tt. 

Then, the integral formula (1.1) yields: 

/ a £ b £ ip = ( D(a £ ), if D(v £ ) ) p + J b £ D(u £ ) y V? + 



n 



(2.8) 



+ / B(u £ ) ( W ) V D(u e ) - / D(v £ ) ( W ) V D( M £ ) + 



+ E / H C 13 {U £ ) ^ + 1 E ( Cy(6-), V? Cy(««) > ff . 
l<i,j<N Q v z l<i,j<N 



From hypotheses (iii)-(iv) we find that there exists a subsequence (still 
denoted with e) for which the following properties hold: 

(2.9) D(a £ ) -> D(a) strongly in Jf -1 ' 9 ^), 

(2.10) C(6 £ ) -> C(6) strongly in [Vy- 1 ' p (fi)] AFxJV , 

The theorem about the interior regularity of the solutions of the problems 
(l)-(2)(see [7] §6.3) implies: 

(2.11) K} £ is bounded in \W 2 *(n v )] N , 

(2.12) {v £ } £ is bounded in [W 2 ' q {Q v )] N . 

In the light of (2.9)-(2.10) and using the appropriate Rellich-Kondrachov 
compactness results (see [7] §5.7) that follow from (2.11)-(2. 12), we see that 
every term of the right-hand side of (2.8) represents a product of a strongly 
convergent (sub)sequence by a weakly convergent one. Hence, the right-hand 



4 



side of (2.8) is converging to the corresponding formula which represents 

f ab<f . By the uniqueness of the limit, the convergence holds on the entire 

n 

sequence. 
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